This paper investigates, by numerical simulation of Navier Stokes equations, Magnetohydrodynamic (MHD) effects of an imposed electromagnetic field on secondary flow in a plasma wind tunnel with a weakly ionized supersonic flow in the range of Mach number 2.6 to 3.0. The imposed magnetic field is generated by a magnet flushmounted in the tunnel side wall. Flow is pre-ionized by an R-F discharge and DC electric field is generated in the flow by electrodes flush-mounted in the top and bottom walls, perpendicular both to the flow velocity and the magnetic field. The electrical conductivity of the flow varies between 0.1 and 0.5 mho/m. The magnetic Reynolds number of the flow is small so induced magnetic field is neglected. The governing equations of the MHD flow, which are the Navier-Stokes equations with the applied electromagnetic force terms, are computed by a third-order upwind numerical scheme. A series of cases with different imposed magnetic fields, electric fields and electrical conductivities, for two different stagnation pressures at the nozzle entrance, were investigated. A strong secondary flow was observed in the cold flow, i.e. flow with magnetic field and electric field switched off. However when a strong electric field is applied at constant electrical conductivity, the Mach number in the inviscid core is seen to drop. Also, the boundary layer thickness increases. More importantly, the strong cross flow is reduced downstream of the zone of electric field imposition. The negative magnetic field, acting in conjunction with the strong electric field further retards the flow and generates stronger secondary flow. To account for the scenario when time lag is large between application of electromagnetic field and Joule heating of flow, calculations were carried out by neglecting Joule heating terms in energy equation. Actual solutions are expected to be in between those obtained with and without considering Joule heating effects. In absence of Joule heating, constant acceleration (retardation) of flow was observed with accelerating (retarding) electromagnetic field although the changes in flow properties were minor as compared to the Joule heated flow with same electromagnetic fields. Under the assumption of no Joule heating, accelerating magnetic fields reduce the secondary flow while retarding flow makes the secondary flow stronger. Flow with a lower Reynolds number is expected to be more stable because of viscous effects. On the contrary, secondary flow near side wall is observed to be stronger for cold flows of lower Reynolds number. Also, Lower Reynolds number flow is observed to be affected more strongly by applied electromagnetic forces. In general, an accelerating magnetic field applied with electric field was observed to produce much lower secondary flow than the retarding magnetic field in same situation for almost all of the cases considered in the study.
Introduction
Sustained high speed flights offer potentially revolutionary improvements in space access. Factors limiting the performance of a supersonic vehicle include aerodynamic drag and heating rates exerted on the vehicles by surrounding flow fields. Recent research has indicated that supersonic flow fields may be modified significantly by magnetic Lorentz forces through the creation and manipulation of plasma near vehicles [1] . In supersonic flows, the gas becomes weakly ionized either by viscous heating or by artificially generating plasma in the flow. If there is an imposed electromagnetic field in the flow, the flow properties can be changed substantially by the interaction of the electrically conducting gas and the electromagnetic field. Such interaction forms the basic idea of electromagnetic modification of supersonic flow. Secondary flow expedites the process of transition to turbulence in the flow and many researchers have shown that supersonic flow can be altered significantly by Lorentz force [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] hence current study aims to investigate control of secondary flow in supersonic flow using electromagnetic forces.
In this paper, a supersonic flow in a three-dimensional expanding test section, with parallel sidewalls, is studied, using numerical simulation, under an externally imposed electromagnetic field. Simulations mirror the conditions of experiments which were conducted in supersonic nonequilibrium plasma/MHD wind tunnel facility at the Nonequilibrium Thermodynamics Laboratories [14] [15] [16] [17] . Stable and diffuse supersonic flow of nonequilibrium plasma is generated for this Mach 3 tunnel. Ionization in the test section is produced by a transverse RF discharge sustained between two electrode blocks 3 cm long which are flush mounted in the side test section walls. Each electrode block, manufactured of high-temperature machinable mica ceramic, incorporates three copper strip electrodes 35 mm long and 5 mm wide. An aerodynamically contoured supersonic nozzle made of transparent acrylic plastic is connected to a 2 cm x 4 cm rectangular cross section test section 12 cm long with an angle step diffuser. The nozzle / test section / diffuser assembly is equipped by pressure taps measuring plenum pressure as well as static pressure at the beginning and at the end of the test section. The imposed magnetic field is produced by a permanent magnet, 5 cm in length and as wide as the side wall, starting 10 cm downstream from the entrance of the tunnel flush mounted in the nozzle side wall. The transverse DC electrical current is spatially superimposed on the magnetic field using two copper electrodes flush mounted in the top and bottom nozzle walls, perpendicular to the magnetic field and the flow direction. Optical access to the flow is provided using two 1"x1/2" glass windows in the top and bottom walls of the M=3 test section. The windows are centered in the flow and their width is chosen so as to provide optical access to both side wall boundary layers.
Singh et al [18] , investigated the effect of imposed electromagnetic field on a weakly ionized supersonic boundary layer with Mach number in the range of 2.7 to 3.0, for a two dimensional approximation of the current geometry. Electric and magnetic fields were varied and it was found that the temperature at the centerline and boundary layer thickness increased with increasing electric field strength. The magnetic field was found to have a mitigating effect on joule heating when a combination of an electromagnetic field was imposed. However, the two dimensional calculations ignore effect of sidewalls so they are insufficient to capture thick sidewall boundary layer as observed in experiments [15, 16] . Hence a three dimensional study was necessary for more realistic simulations of the flow. Three dimensional simulation show a strong secondary flow near center of sidewall which was in accordance with the experimental observations. In this paper, we focus on estimating effects of electromagnetic fields on this secondary flow.
We have simulated an array of scenario with a variation in the magnetic field strength, electric field strength and electrical conductivity for two different stagnation pressures of one-third atmosphere and one-fifth atmosphere. The imposed magnetic field is taken as spatially and temporally uniform in a direction perpendicular to the flow vector in the spanwise direction for simplicity. Similarly, the electric field is spatially and temporally uniform in a plane perpendicular to the flow vector and the magnetic field vector. Electric conductivity is also assumed to be spatially American Institute of Aeronautics and Astronautics Paper AIAA-2005-5050
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uniform. The governing equations for the MHD flow are formulated from the Navier-Stokes and the Maxwell equations, and are spatially discretized by a third-order numerical scheme. In an attempt to solve the coupled MHD equations, difficulties were encountered due to the constraint of the size of time step posed by the magnetic diffusivity of the magnetic induction equation. To resolve the "stiffness'' problem, we solve the approximate MHD equations without the induction equation by neglecting the induced magnetic field and assuming that the imposed magnetic field is constant. This is actually a fair assumption considering that the magnetic Reynolds number is of the order of 10 -3 . We have also conducted simulation of effects of electromagnetic fields on the flow by neglecting Joule heating terms in the governing energy equation so as to account for the case when time lag between application of electromagnetic field and heating of the flow is significantly large. Actual flows are expected to be between the solutions obtained by simulating with and without considering Joule heating effects.
Governing Equations
The governing equations of MHD of compressible flow are the Maxwell equations coupled with the Navier-Stokes equations through the momentum and energy equations. The current density J in MHD is given by the generalized Ohm's law as follows,
where E is the electric field vector and σ is the electrical conductivity. This equation relates the current density with the electric field and the induced electric field generated by crossing the magnetic field lines with the velocity vector. This form of the electric current equation neglects the Hall current for simplicity. In this paper, in order to solve the MHD equations more efficiently, we only consider the cases where the small magnetic Reynolds number assumption applies. The magnetic Reynolds number defined as ULσµe is in the order of 10-3 for all cases presented in this paper, where σ is the electrical conductivity of fluid and µe is the magnetic permeability in free space. Since it is much less than unity, we assume that the induced magnetic field is negligible and the imposed magnetic field is constant through all the computations.
The set of MHD equations with the assumption of negligible induced magnetic field are written as follows: 
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-4 kg/m/s for air. The thermal conductivity k is computed from the Prandtl number, which is assumed constant and it takes the value of 0.72 in this paper.
The imposed magnetic field is taken as spatially and temporally uniform in a direction perpendicular to the flow vector in the spanwise direction for simplicity. The electric field is spatially and temporally uniform in a plane perpendicular to the flow vector and the magnetic field vector for simplicity. 
Numerical Method
There have been several recent works on developing upwind schemes for MHD equations with shock capturing capability [19, 20] . Most of these methods are second order accurate TVD schemes. But these schemes were not used in this paper since future scope of the current work includes stability analysis demanding more accurate and robust calculations. We use a third-order finite difference scheme that we have developed and validated for solving the full Navier-Stokes equation for spatial discretization of the MHD equations [21] . The numerical method used in this study is briefly summarized in this section. More details on the method and its validations can be found in [21] . In numerical simulation, the MHD equations (2) to (4) 
In the conservative Eq. (6), the inviscid fluxes and the viscous fluxes have the same forms as those of the Navier-Stokes equations. The new term, M, represents the contribution of the Lorentz force.
Before discretizing the governing equations by a finite difference method, Eq. 
The transformed governing equation in the computational domain is expressed as follows
A third-order explicit finite difference scheme is used for spatial discretization of the governing Eq.(9), the inviscid flux terms are discretized by the upwind scheme, and the viscous flux terms are discretized by the central scheme. For the inviscid flux vectors, the flux Jacobians contain both positive and negative eigenvalues, a simple local Lax-Friedrichs scheme is used to split vectors into negative and positive wave fields. For example, the flux term F′ in Eq. (9) can be split into two terms of pure positive and negative eigenvalues as follows
and λ is chosen to be larger than the local maximum eigenvalue of F′.
The parameter ε is a small positive constant added to adjust the smoothness of the splitting. The fluxes F′ + and F′ -contain only positive and negative eigenvalues respectively. Therefore, in the spatial discretization of Eq. (9), the derivative of the flux F is split into two terms
The first term on the right hand side is the discretized by the upwind scheme and the second term by the downwind scheme.
Boundary Conditions
Flow in the tunnel is symmetric about horizontal and vertical planes at the centerline of tunnel so only a quarter of actual domain is computed. The computational domain is presented in Fig. 1(a) . Boundary conditions for this domain are presented below.
Upper boundary
Upper boundary serves as a horizontal plane of symmetry for all flow variables. The imposed electromagnetic field has no effect at the plane of symmetry.
Lower boundary
The wall of the tunnel itself is the lower computational boundary, it is assumed to be adiabatic so at the lower ) ( (13) Where is the surface normal vector and K is the surface current density. We assume that the wall is electrically insulated, therefore the surface current density is zero and the tangential component of the magnetic field is continuous across the wall. 
Left boundary
The far side boundary serves as a vertical plane of symmetry for all flow variables in the spanwise direction. Only one half of the physical domain in the spanwise direction is computed. The electromagnetic field has no effect at the plane of symmetry.
Right boundary
The near side boundary of the computational domain is the wall of the tunnel. It is assumed to be adiabatic, i.e.
is enforced at the boundary. The velocity components u and v are zero following the non-slip condition and w is zero according to the solid-wall condition. For the magnetic field lines across the near side boundary, the normal component of the magnetic field across the wall is continuous. The tunnel wall is assumed non-magnetic such that the tangential component across the boundary is given by Eq.13. We assume that the wall is electrically insulated, therefore the surface current density is zero and the tangential component of the magnetic field is continuous across the wall.
Inlet and exit conditions
Flow entering the tunnel should have a developed boundary for realistic calculations. For this purpose, a separate simulation of an inlet channel is performed prior to simulating nozzle flow. This inlet channel have same rectangular cross section everywhere as that of the nozzle throat. Simulations are performed for a uniform flow entering the inlet channel at a Mach number slightly greater than the sonic flow. Along the inlet channel a location is chosen where sonic flow is obtained in inviscid core with a developed boundary. Flow properties at this location are used as fixed inlet condition for the actual simulation of nozzle. At exit of the nozzle section, the flow variables are extrapolated from the interior points as done in [21] .
Flow Conditions
In this paper, a high speed weakly ionized viscous flow in a supersonic wind tunnel with various imposed electromagnetic fields is considered. We consider two different stagnation pressures, i.e. one-third atmospheric pressure and one-fifth atmospheric pressure and several cases of magnetic fields, electric fields and electrical conductivities. The flow conditions that stay uniform are stagnation temperature, T o =298K and Prandtl number, Pr=0.72.
In the current simulation the tunnel under consideration is approximately 0.208 m in length. The vertical width of the tunnel at its entrance is approximately 9.5 mm which increases to approximately 4 cm at tunnel exit. The tunnel width in spanwise direction is constant at approximately 2 cm. To increase the efficiency of threedimensional calculations, inherent symmetry of the tunnel about a horizontal plane and a vertical plane is used. Thus, computational domain for simulation uses only a quarter of actual tunnel as flow in other parts of tunnel can be obtained using the symmetry about central planes in horizontal and vertical directions. The computational domain used for this study is presented in Fig. 1(a) . The external fields are imposed between X=0.10m and X=0.154m (X=0 represents tunnel entrance). The spatially uniform electric field, which always points in the positive vertical direction, exists between those two points in the tunnel. The magnetic field acts in the spanwise direction between the same points.
MHD Effect on Steady Flow Solutions
The physical domain for three dimensional calculations is resolved using 80 stretch grids in the vertical direction, 26 stretch grids in the spanwise direction and 28 uniform grids in the streamwise direction. the cold flow was calculated with one third atmospheric stagnation pressure. Fig. 1(b) shows the Mach number contours along the length of the tunnel at several different planes perpendicular to the direction of flow. The contours clearly show fluid collecting at the centerline along the sidewalls. This can be attributed to a considerable cross flow in the wall normal direction, parallel to the sidewalls. Effects of sidewalls on the flow profile can be observed in Fig. 2 (a) which shows lesser Mach numbers for the three dimensional calculations at the tunnel centerline as compared to those obtained for two dimensional calculations. This demonstrates that three-dimensional wall effect is significant for the flow which necessitates a three dimensional analysis. Having established the cold flow profile two separate cases of electric fields were considered while keeping stagnation pressure same i.e. onethird atmospheric pressure. It can be clearly seen that moving downstream of the zone of electromagnetic field imposition, magnitude of streamwise vorticity goes down considerably for the flow altered by electromagnetic fields while the streamwise vorticity for cold flow remains as is, without getting dissipated. Flows with a retarding magnetic field have considerably higher streamwise vorticity values as compared to those obtained for accelerating magnetic field in same situations. Figure 11 shows the boundary layer profile along the Y axis at the exit of the tunnel, at different distances from the sidewall for cold flow, joule heated flow and flow further altered by additional magnetic fields. Figure 11 (a) shows the boundary layer profiles at increasing distances from the wall for cold flow. Clearly, as we move away from the sidewall, the flow accelerates and the cross flow bulge also disappears. In Fig. 11 (b) which shows the boundary layer profiles at the tunnel exit for flow altered by a constant electric field of 30,000V/m, the flow gets retarded which is a phenomena previously predicted by our two-dimensional calculations [18] is also seen to decrease when the electric field is turned on. Figure 11 (c) shows the comparison of boundary layers at different distances from the sidewall at the tunnel exit, with the electric field of 30,000V/m and the magnetic field of +1.5T. Once again, in keeping with the predictions of our two-dimensional calculations, the flow gets accelerated, though this effect is weak. Similarly with magnetic field of -1.5T the flow gets successively retarded at all locations parallel to the sidewall. Boundary layer profiles near sidewall show a bulge causing flow to slow down near the center of sidewall. This indicates presence of thick sidewall boundary layer near the centerline. Figure 12 shows the boundary layer profiles along the Z axis at the exit of the tunnel, at different distances from the contoured wall for cold flow, joule heated flow and the flow further altered by additional magnetic fields. Figure  12(a) shows the boundary layer profiles at increasing distances from the wall for cold flow. Clearly, as we move towards the centerline, the flow accelerates. However, a sudden increase in boundary layer thickness is observed as we approach the centerline. That is attributed to the significant cross flow bulge in cold flow. Figure 12(b) shows the boundary layer profiles altered by an electric field of 30,000V/m. Clearly, it shows the gradients leading up to the cross flow bulge drop leading to a dissipation of the secondary flow seen in cold flow. Figure 12 (c) and 12(d) show the profiles altered by an accelerating magnetic field and a decelerating magnetic field of + 1.5T and -1.5T respectively. Boundary layer on sidewall is particularly thick for all the cases shown in Fig. 12 which is a consequence of secondary flow present in that region.
To sum up, a strong secondary flow was observed in the tunnel even without application of electromagnetic fields. Flow is altered significantly by application of electromagnetic fields. For the cases considered in this study, retardation of flow by Joule heating dominates the mitigating effects of magnetic field. Just downstream of the zone of electromagnetic field imposition, a much stronger secondary flow is observed than that for cold flow at same location. However moving downstream towards the exit of tunnel, secondary flow reduces significantly for flows with electromagnetic fields applied. Flow obtained with electric field and a retarding magnetic field show very strong secondary flow as compared to other cases.
Calculations of flow fields assuming no Joule heating in the Energy Equation
The governing equation for conservation of energy (Eq. 4) does not consider any time lag between imposition of electric field and its effect on the flow through Joule heating. Following frozen flow analogy, another limit of this phenomenon may be the case when this time lag is so large that effect of Electric field is not felt as a source of heating in the flow. To explore this regime for flow field, calculations were performed by dropping the terms associated with Joule heating in the energy equation. Hence, instead of using Equation 4 as governing equation of energy flow following equation was used in conjunction with Eq. 2 and Eq. 3. (14) Under the assumption of "no Joule heating", electric field, if applied with magnetic field, contributes to Lorentz forces on the flow but does not produce any Joule heating. Considering equations used for this case it can be noted that applying only electric field will not have any effects on the cold flow in absence of magnetic field. This is in contrast with the results presented in section 6.2 where electric field was seen to be causing Joule heating of the flow which resulted in the considerable retardation of the flow. If a time lag exists between the imposition of electric field and Joule heating of the flow, we expect the actual results to be in between the two extremes presented in this section and section 6.2.
Calculations were performed for MHD flow under the assumption of "no Joule heating "with electric field of 30,000V/m and magnetic fields of +1.5T and -1.5T for stagnation pressures of 1/3 rd atm i.e. conditions of section 6. Figure 13 compares Mach number and temperature at the centerline of tunnel for the flow obtained without considering Joule heating effect to those obtained for flow heated by electromagnetic field. As we study Mach number variation along center line of tunnel ( Fig. 13(a) ), it is readily observed that Mach number is considerably higher for the curves obtained by neglecting Joule heating effects than those obtained for flow retarded by Joule heating. The region of imposition of electromagnetic field is approximately between X=0.10m and X=0.154m. Mach number at centerline, calculated without Joule heating effects for accelerating electromagnetic field of E=30000 V/m and B=+1.5T, clearly increases as compared to the cold flow and in the region of imposition of field this increase is monotonous. The outcome is opposite for retarding electromagnetic field. It can be seen from Figure 20 and 21 present comparisons of boundary layer profiles in vertical and spanwise direction at several locations. Boundary layer profile looks almost same with or without MHD forces if Joule heating is not considered. For all the cases, boundary layer in spanwise direction is very thick near central height (Fig. 21) which is in accordance with the observations made for streamwise vorticity contours and Mach number contours.
Overall, considering the results obtained for flows calculated with the assumption of no Joule heating, it seems that magnetic field should be used in the accelerating direction to have an accelerated flow with a weaker secondary flow.
Effect of changing pressure on MHD flow
Flows with lower Reynolds number are expected to have a thicker boundary layer which should stabilize the flow. This scenario was explored by performing calculations for an inlet flow with stagnation pressure of 1/5 th atmospheric pressure. It should be noted that the results presented in section 6 and 7 were obtained for higher stagnation pressure of 1/3 rd atmospheric pressure. 
Case II: Effects of electromagnetic fields on the cold flow
For stagnation pressure of 1/5 th atm, the energy imparted by Joule heating is expected to be much higher than the energy of the fluid entering into the tunnel. However, if we neglect the Joule heating effects, independent effects of Lorentz forces can be noted on the flow. The results for calculations under the assumption of "no Joule heating" show a direct dependence on the direction of magnetic field as can be seen from Fig. 30 . When flow passes through an accelerating magnetic field, Mach number increases by up to 13.8% (at the end of imposition of electromagnetic field centerline of tunnel) with respect to cold flow. While a decrease of approximately 10% is observed at the same location if the direction of magnetic field is reversed. Such direct dependence of Mach number on direction of magnetic field is expected under the simplifying assumption of no Joule heating. Comparing these results with those obtained for inlet flow at stagnation pressure of 1/3 rd atm, it is observed that in absence of Joule heating, effect of Lorentz forces is more pronounced in the case of lower stagnation pressure which causes a greater increase or decrease in Mach number of the flow with lower stagnation pressure while electromagnetic fields are kept same. This is further confirmed by observation of Mach number contours at the exit of test section (Fig. 31) in the plane perpendicular to streamwise direction. Also, the bulge in Mach number contours is observed which is more prominent for the flow with retarding magnetic field. This trend is similar to that observed for the case of higher Reynolds number flow (section 7). Figure 32 confirms that under the assumption of no Joule heating an accelerating magnetic field will be helpful for reducing secondary flow in the test section of tunnel.
The solutions obtained with the assumption of no Joule heating, for both inlet stagnation pressure conditions considered in this study; clearly recommend use of accelerating magnetic fields to obtain accelerated flow with a weaker secondary flow. For Joule heated flow, high secondary flow is produced for flow with retarding magnetic fields. Since actual flows are expected to be in between the solutions obtained by with and without considering Joule heating effects, we can say that in comparison to a retarding field, an accelerating magnetic field is more likely to reduce secondary flow in the tunnel.
Conclusion
Weakly ionized supersonic flow in a tunnel in presence of a number of imposed electromagnetic fields was studied by three dimensional numerical simulation of Navier-Stokes equation. Strong secondary flow was observed in the tunnel even in absence of electromagnetic forces. The main focus was on study of secondary flow in steady state solutions at test section of the high speed tunnel with variation of MHD forces and stagnation pressure.
The steady flow results show that all imposed electromagnetic fields cause significant Joule heating of flow altering the boundary layer profile significantly. For high electric fields in isolation of the magnetic field, localized heating in the vicinity of the electric field is observed causing a significant retardation of mean flow. The magnetic fields applied in the study have very small effect on the flow in comparison to the alternations made on the flow due to Joule heating. In the zone where electromagnetic fields are applied, secondary flow becomes even stronger than that observed in the cold flow but it reduces significantly moving to exit of tunnel downstream of the field of imposition of electromagnetic field. A retarding magnetic field applied in conjunction with electric field was seen to cause much stronger secondary flow as compared to the accelerating magnetic field.
In For lower Reynolds number flow, viscous effects are stronger which are expected to stabilize the flow. Contrary to expectation, thicker sidewall boundary layer causes a stronger secondary flow. Simulations done by neglecting Joule heating effects show that effects of electromagnetic field are more prominent for the lower Reynolds number flow.
For almost all of the studies done in the paper, it was observed that accelerating magnetic field applied with electric field causes weaker secondary flow as compared to retarding magnetic field. 
